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The paper presents an alternative Vold–Kalman filter order tracking (VKF_OT) method, i.e.
adaptive angular-velocity VKF_OT technique, to extract and characterize order compo-
nents in an adaptive manner for the condition monitoring and fault diagnosis of rotary
machinery. The order/spectral waveforms to be tracked can be recursively solved by using
Kalman filter based on the one-step state prediction. The paper comprises theoretical
derivation of computation scheme, numerical implementation, and parameter investiga-
tion. Comparisons of the adaptive VKF_OT scheme with two other ones are performed
through processing synthetic signals of designated order components. Processing para-
meters such as the weighting factor and the correlation matrix of process noise, and data
conditions like the sampling frequency, which influence tracking behavior, are explored.
The merits such as adaptive processing nature and computation efficiency brought by the
proposed scheme are addressed although the computation was performed in off-line
conditions. The proposed scheme can simultaneously extract multiple spectral compo-
nents, and effectively decouple close and crossing orders associated with multi-axial re-
ference rotating speeds.

& 2016 Elsevier Ltd. All rights reserved.
1. Introduction

Mechanical systems are the devices to transform various energies, e.g. hydraulic, thermal and electric energy into me-
chanical energy, or mechanical energy to other forms. Mechanical systems under periodic loading due to rotary operation
usually respond in measurements with a superposition of sinusoids whose frequencies are (fractional) integer multiples of
the reference shaft speed. Usually the revolution speed of the loading is the slowest and selected as a reference speed. The
fundamental frequency corresponding to this shaft speed is called a basic order. Most rotary machines comprise various
rotating elements, e.g. gear, chain, belt and shaft, for power transmission and speed reduction to raise driving torque. The
frequencies of vibration and noise signatures emitted by these rotary machine parts always relate to the revolution speed of
the shaft mounting with these machine elements, and their specification such as speed reduction rate as well. Thus, order
tracking (OT) technology to enhance and single out order related signatures is an effective tool for the condition monitoring
and fault diagnosis of rotary machinery through the analysis of measured dynamic signals. This technique is to analyze and
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extract the sinusoidal contents of a dynamic signal acquired from an acousto-mechanical system under revolutionary
loading.

Conventional OT approaches such as the windowed Fourier transform (WFT) and the resampling methods, both the so-
called non-reconstruction OT approaches [1–3], are primarily based on Fourier analysis, and have restricted resolution in
some situations and suffer from a number of shortcomings such as unaffordable to obtain the waveform of an individual
order of interest.

As to the reconstruction OT approaches, Vold and Leuridan proposed Vold–Kalman filter order tracking (VKF_OT) for the
estimation of a single order component [4], and afterwards derived a scheme to simultaneously estimate multiple orders
[5,6]. Pan and Lin [7,8] further explored the theoretical details of VKF_OT and compared the differences of these two VKF_OT
schemes, named by the angular-velocity (AV) and angular-displacement (AD) VKF_OTs, respectively. But it is noted that
these two VKF_OT schemes must be computed off-line and implemented as post-processing techniques. Even an enhanced
version of AV VKF_OT [9] was proposed to simultaneously extract multiple order components, which effectively expands the
derivation of Vold and Leuridan's first scheme [4]. But, due to the use of least-squares computation and the whole data
stream, all they cannot be real-time applications. The computations for both the AV and AD VKF_OTs are rather time-
consuming since all the data of an acquired signal to be evaluated for specific order/spectral components are included in the
huge matrix manipulation [10]. Thus, it is nontrivial to tackle the computation ineffective issue and cope with the only
offline applications. Haykin et al. [11] dealt with the tracking of a chirped sinusoid in additive noise, analogous to the OT for
rotary machinery, through a state-pace model using the extended recursive least-squares (RLS) algorithm. Bai et al. [12]
presented an adaptive OT technique based on the RLS algorithm to track frequency-varying bandpass signals. Wu et al. [13]
proposed an adaptive OT fault diagnosis technique using Kalman filter in terms of state-space models, where the order
amplitudes are computed by using the one-step predictor. Pan and Wu [14] proposed and implemented an adaptive Vold–
Kalman filtering OT (VKF_OT) approach based upon adapted one-step prediction scheme to overcome the drawbacks of the
original VKF_OT scheme [5] for condition monitoring of rotary machinery. Thus, the computation scheme makes real-time
processing feasible, and it can be implemented with a digital signal processor. Besides RLS and VKF OT algorithms enabling
the reconstruction of multiple order/spectral components, Gabor OT [10,15–17] and other hybrid approaches [18–21] for
multiple order extraction were proposed and realized in the past decade; especially, Gabor OT can get rid of the precise
measurement of shaft speed.

This paper is to present another adaptive VKF_OT scheme using the angular-velocity structural equation to track target
order/spectral components in a real-time manner. It enables to address the computation complexity, and to be considered in
on-line and real-time applications. An adaptive processing algorithm based on Kalman filtering is derived and realized. The
implementation through a digital signal processor enables to make concurrent computation achievable as soon as measured
data streams are acquired. And, the one-step predictor is employed in the computation of Kalman filtering. To verify the
proposed scheme, two sets of synthetic signals for (i) the separation of close orders, and (ii) multi-axle crossing order
decoupling and varying order discrimination are designated and processed. Further, it is nontrivial to compare the existing
and related VKF_OT techniques, especially for the extended AV VKF_OT [9] and the adaptive AD VKF_OTs [14], and to
investigate the employed processing parameters for order extraction. Thus, the choice of processing parameters and ac-
companied influences in the tracking performance are explored.
2. Theoretical basis

The basic idea of the conventional AV VKF_OT is to define local constraints, the so-called structural equation and data
equation [4,5], which make the unknown complex envelopes smooth and relate the tracked orders to the measured signal.
These two equations are solved by using a least-squares technique through a large number of matrix computations. It
resembles the Wiener filter in mathematical operation. Furthermore, Kalman filtering is essentially a recursive algorithm
whose solution converges to the optimum Wiener solution in some statistical sense. The structural and data equations of a
linear, discrete-time dynamical system can be embodied in the process and measurement equations to make the order-
tracking problem considered as a state estimation task.

ν( + ) = ( + ) ( ) + ( ) ( )n n n n nx F xProcess equation: 1 1, . 11

ν( ) = ( ) ( ) + ( ) ( )n n n ny C xMeasurement equation: . 22

The proposed adaptive AV VKF_OT here provides us a recursive algorithm without having to evaluate a huge inverse
matrix with all observed time sequence data. Thus the original (off-line) AV VKF_OT [2,5] with its computational complexity
in solving inverse matrix can be dramatically improved by using the scheme of Kalman filtering based on one step pre-
diction [22].

2.1. Structural equation

For a second-order homogeneous ordinary differential equation (ODE)
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its complementary solution is

( ) = + ( )ω ω−x t K e K e , 4j t j t
1 2

where K1 and K2 are arbitrary constants. The discrete form of Eq. (4) can be shown as

( Δ ) = + ( )ω ωΔ − Δx n T K e K e , 5j n T j n T
1 2

where t¼nΔT, =n 1, 2, 3, ...; andΔT denotes sampling time spacing. Assume = ωΔd ej T
1 and = ω− Δd e j T
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(5) becomes

( ) = ( ) + ( ) ( )x n K d K d , 6n n
1 1 2 2

and its characteristic equation can be expressed as

( ) = ( − )( − ) ( )H D D d D d , 71 2

where the operator notation D denotes a discrete-time delay, e.g. Dx(n)¼x(n�1). The discrete time signal x(n) satisfies a
second-order difference equation ( ) ( ) =H D x n 0, i.e.

ω( ) − ( Δ ) ( − ) + ( − ) = ( )x n T x n x n2 cos 1 2 0, 8

where x(n) is the order component with an angular frequency ω in rad/s to be computed. In real-world applications, an order
component of interest with changing frequency to be tracked is usually contaminated with noise and other sinusoids. A
heterogeneous term, ε(n), can be introduced to allow the sinusoidal wave to change its amplitude, phase and frequency
slightly. Therefore, Eq. (8) can be modified as

ω( ) − ( Δ ) ( − ) + ( − ) = ϵ( ) ( )x n T x n x n n2 cos 1 2 . 9

Eq. (9) is the structural equation of the AV VKF_OT for independently a single order to be tracked. Likewise, to extract K
different spectral/order components simultaneously, the structural equation of each component can be rewritten as

ω( ) − ( ( )Δ ) ( − ) + ( − ) = ϵ ( ) ( )x n n T x n x n n2 cos 1 2 , 10k k k k k

where k represents the order/spectral index to be computed, and ωk(n)¼kω(n); thus, Eq. (10) can be further shown in a
matrix form like
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To simultaneously track multiple order/spectral components, Eq. (12) can be augmented to all K-order/spectral com-
ponents to be extracted as the following
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Fig. 1. rpm-order spectrum of synthetic signal 1 with close orders.
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( + ) = ( + ) ( ) + ( ) ( )n n n n nX F X E1 1, . 14

Eq. (14) is actually the structural equation of the adaptive AV VKF_OT, and it satisfies the algebraic formality of process
equation, Eq. (1), for Kalman filtering.
2.2. Data equation

Assuming a dynamic signal, y(n), measured from the operation of a rotary machine contains a target order xk(n) that
satisfies the structural equation, as well as other spectral/order components and embedded noise, it possesses a formality
like

η( ) = ( ) + ( ) ( )y n x n n , 15k
Fig. 2. (left) Tracked waveform and (right) amplitudes of orders 4 and 4.2 evaluated by using (upper) extended AV, (middle) adaptive AD, and (lower)
adaptive AV VKF_OTs, respectively.



Fig. 3. Same caption as Fig. 2 except the varying weighting factors are employed.
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where the component η(n) is composed of other not-concerned spectral/order components and measurement artifacts. Eq.
(15) is the data equation of the AV VKF_OT for independently tracking a single order. For simultaneously tracking multiple
rotation-related orders and/or spectral components such as resonances, the measured signal y(n) can be rewritten as a
combination of several order/spectral components, xk(n), and measurement artifacts η(n), i.e.,

∑ η( ) = ( ) + ( )
( )=

y n x n n ,
16k

K

k
1

where K denotes the number of order and spectral components to be tracked. Moreover, Eq. (16) can be expressed in a form
of state vector, X(n),
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2 . Then Eq. (17) can be expressed as

η( ) = ( ) ( ) + ( ) ( )y n n n nI X . 18
Likewise, Eq. (18) is the data equation of the adaptive AV VKF_OT, and has the same form as the measurement equation,
Eq. (2), for Kalman filtering.

2.3. Waveform evaluation based on Kalman filtering

As shown in Eqs. (11) and (12), the instantaneous frequency of a nonstationary order component, ( )x nk , directly relates to
the varying reference revolution speed. Thus the tracked order component ( )x nk with known instantaneous frequency can
be evaluated through

∑ ∑ω ω( ) = ( )Δ ( )Δ
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where the amplitude of ( )x nk is obtained by ( ) + ( )a n b nk k
2 2 . Resolving Eq. (19) needs two equations at least; in a general

practice both amplitude and phase are considered as local constants. Note that the reference shaft speed in the unit of



Fig. 4. rpm-order spectra of synthetic signal 2 with two order components and a resonance.
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angular velocity needs to be measured for estimating the instantaneous frequency of a higher (multiple or fractional) order
of interest.

As derived above, the deduced structural Eq. (14), and data Eq. (18), are formulated identical to the form of the process
and measurement equations for Kalman filtering. Consequently, the order-tracking problem can be considered as a state
estimation problem. The order/spectral waveforms to be tracked can be recursively solved by using Kalman filter based on
the one-step state prediction as illustrated in [14,22].

In the process equation for Kalman filtering, the 2K�1 vector v1(n) represents process noise, modeled as a zero-mean
and white-noise process, whose correlation matrix is defined by

[ ( ) ( )] =
( ) =

≠ ( )

⎧⎨⎩E v n v m
n n m

n m

Q

0

,

,
.

20
H

1 1
1

Fig. 5. (left) Tracked waveform and (right) amplitudes of order 8 and 300-Hz resonance evaluated by using (upper) extended AV, (middle) adaptive AD,
and (lower) adaptive AV VKF_OTs, respectively.



Fig. 6. Comparison of (*1) tracked waveform, (*2) bandwidth and (*3) rising time through using (a#) extended AV, (b#) adaptive AD, and (c#) adaptive AV
VKF_OTs, respectively (* denotes a, b or c; # represents 1, 2 or 3).
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Accordingly, we can define the correlation matrix of the process noise as

ψ ψ[ ( ) *( )] =
( ) = ∩ =

≠ ∪ ≠ ( )
⎪

⎪⎧⎨
⎩

E n m
n n m k l

n m k l

Q ,

0,
,

21
k l

k l
1

,

Table 1
Comparison of tracking characteristics for extended AV, adaptive AD and adaptive AV VKF_OT schemes using various weighting factors.

Processing schemes Extended AV Adaptive AD Adaptive AV

Tracking characteristics VKF_OT VKF_OT VKF_OT

Weighting factor 20 40 80 2000 4000 8000 20 40 80
Tracking BW (rad/s) 75π 37.5π 17.5π 452.6π 310.1π 210.1π 332.6π 177.5π 77.5π

BW¼1.5π�103� (r)�1 BW¼13.5π�103� (r)�0.46 BW¼6.48π�103� (r)�1

Tr (s) 0.074 0.153 0.302 0.0564 0.0807 0.1148 0.074 0.150 0.300
Tr¼3.75�10�3� (r)1 Tr¼1.8�10�3� (r)0.46 Tr¼3.75�10�3� (r)1

BW � Tr 5.625π 24.3π 24.3π
CPU timea (s) 2.077 2.121 2.216 0.595 0.597 0.614 0.290 0.297 0.366

a Computation via a laptop computer with i5–2.5G Hz, 8.0 GB RAM.
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where ψk(n) or ψl(m) being the element in the process noise vector v1(n), k,l∈j (¼1,2,3,…, and/or K) represents the index of
the order components to be tracked, ( )nQk l

1
, is the element at the kth row and the lth column of Q1(n), and the asterisk

denotes complex conjugation. Likewise, the variable v2(n) in the measurement equation for Kalman filtering is the mea-
surement noise, modeled as a zero-mean and white-noise process, whose correlation is defined by

[ ( ) *( )] =
( ) =

≠ ( )

⎧⎨⎩E v n v m
Q n n m

n m

,
0,

.
22

2 2
2

It is noted that the process noise ψk(n) regards the higher order terms of the envelope (ak(n)) of each order component xk
(n) (or, v1(n), the whole process noise), and the measurement noise v2(n) relates to artifacts other than the order compo-
nents of interest. It is assumed the process and the measurement noise are statistically independent, so that

ψ[ ( ) *( )] = ( )E n v m n m0, for all and . 23k 2

In the design of parameters Q1(n) and Q2(n), the weighting factor r(n) is introduced into the error tolerance of both the
structural and data equations, and is defined as

( ) ≡ ( ) ( ) ( )η εr n S n S n/ , 24

where Sη(n) and Sε(n) are the standard deviations of measurement artifacts η(n) and heterogeneous term ε(n), respectively.
Two standard deviations, Sη(n) and Sε(n), are fulfilled Eq. (23). Therefore, r(n) can be introduced into the computation of
Kalman filtering for the adaptive AV VKF_OT scheme; further, the relationship among r(n), Q1(n) and Q2(n) can be rewritten
as

( )
( )

= ( ) = ( )
( )

= > ( ) = ( ) ( )
( )

η

ε

S n

S n
r n

Q n
n

Q n r n n
Q

Q, .
25k l

k l
2

2
2 2

1
, 2

2
1

,

In Eq. (25) Q1(n) is generally a unit matrix I2K� 2K multiplied by q1. The assignment of Q1(n) can be set variously according
to the nature of order or spectral components to be tracked, and Q2(n) is a scalar obtained by the squared waiting factor
multiplied by the index of Q1(n). Note that though the waiting factor is introduced into the extraction of order/spectral
signatures in the theoretical basis, the same ratio of Q1(n) to Q2(n) is applied actually.

As a result, the tracked order/spectral components, X(n), can be recursively solved by using Kalman filtering based on
one-step state prediction [22], which accommodates the weighting factor, r(n), and parameters of the proposed adaptive OT
here for each time instant during data acquiring.

Based on the weighting factor defined in Eq. (24) and its designated characteristics, some significant features regarding
the relationship among the weighting factor, (tracking) band width (BW), and rising time (Tr, or tracking time needed to
reach designated amplitude) can be summarized below, which help decide and tune the processing parameters in the
process of order/spectral tracking.

(1) The weighting factor, r(n), characterizes the ratio of two standard deviations for the errors of data and structural
equations. Thus, increasing the weighting factor allows the artifacts terms (except the order/spectral components to be
tracked) more significant that narrows the tracking band. If multiple components are to be extracted, it takes longer
rising time to achieve the target (or expected) amplitudes.

(2) The weighting factor, not only a constant, can also be chosen as a function of revolution speed in order to adapt its
corresponding tracking bandwidth. This offers flexibility for choosing the local bandwidth along the data stream, de-
pendent upon what orders to be tracked and the measurement data are.

(3) Besides the tracking bandwidth concerned, the rising time of order/spectral tracking required in some applications such
as the occurrence of fluid-induced instability like whirl, order 0.47 around, is crucial. It is affordable by tuning the
weighting factor.
3. Numerical implementation

Two signals are synthesized to justify the proposed adaptive OT scheme, as well as to compare with two other OT
schemes, the extended AV VKF_OT [7] and the adaptive AD VKF_OT [9].

3.1. Synthetic signal 1: separation of close orders

A three-order-component signal is synthesized with the shaft speed linearly increasing from stationary to 3000 rpm in
5 s, where two close orders, 4 and 4.2, are designated. In this three-order signal, their root-mean-square (RMS) amplitudes
are a fixed value of 2, linearly increasing from 0 to 10, and linearly increasing from 2 to 12 for orders 1, 4, and 4.2, re-
spectively. This synthetic signal is designed to validate the performance of the proposed VKF_OT scheme in separating close
orders that usually arise from different transmission elements in a rotating system. Fig. 1 illustrates two close orders in the
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map, characterizing the rpm-order spectrum of the signal via the computation of resampling method. To separate orders
4 and 4.2 and evaluate their amplitudes, three OT techniques are employed and compared. As a comparison, both the fixed
and varying values of weighting factor are adopted in the computation, especially the latter are used to tackle the order
mixing during the low speed phase. Fig. 2 shows the tracked waveform and the evaluated amplitudes along the revolution
speed, where the computation factors used here are r¼4�102 for the extended AV VKF_OT; r¼1�105 and q1¼0.1 for the
adaptive AD VKF_OT; and r¼2�102 and q1¼0.1 for the adaptive AV VKF_OT. It is observed that two close orders can be
separated effectively, but during the low speed phase, especially below 500 rpm, the amplitudes of orders 4 and 4.2 are
mixing. To cope with the problem, varied weighting factors are thus used in evaluation. Again, Fig. 3 illustrates the tracked
waveform and the evaluated amplitudes along the revolution speed, where the employed computation factors are

= × × ( + )−r 5 10 rpm 13 0.4 for the extended AV VKF_OT; = × × ( + )−r 1 10 rpm 16 0.28 and q1¼0.1 for the adaptive AD
VKF_OT; and = × × ( + )−r 5 10 rpm 13 0.48, q1¼0.1 for the adaptive AV VKF_OT, where rpm denotes the instant revolution
speed. Fig. 3 that uses varied weighting factors shows better separation of close orders than Fig. 2 using fixed ones does. The
smoother amplitudes can be obtained in the stationary part since being computed with narrower tracking bands through
the use of varying weighting factors along the speeding up of test machine. This example illustrates the changing of the
tracking bandwidth through its correspondent weighting factor affects order extraction performance. Note that the results
of adaptive VKF_OT schemes reflect small oscillations in the low-speed part (the first 500 rpm) of the identified orders. The
reason is known that the adaptive schemes evaluate the tracked orders using the procedure of one-step state prediction,
rather than the extended AV VKF_OT method employing the whole data set for the computation; thus, more oscillations
reflect in the low-speed phase. Further, the varied structural and data equations employed by the AV and AD VKF_OT
Fig. 7. : Illustration of tracked amplitudes and rising behavior through using (A) adaptive AD VKF_OT (with various q1 (a) 1�10�1, (b) 1�10�3, (c)
1�10�5 and (d) 1�10�20) and (B) adaptive AV VKF_OT (with various q1 (a) 1�10�1, (b) 1�10�3, (c) 1�10�5 and (d) 1�10�20).
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schemes cause diverse oscillations in the tracked waveform.

3.2. Synthetic signal 2: crossing order decoupling

Synthetic signal 2 comprises two orders, 1 and 8, and a 300-Hz resonance; their RMS amplitudes are a fixed value of 2,
linearly increasing from 0 to 10, and a fixed value of 10, respectively. This signal is designed to validate the performance of
the proposed VKF_OT scheme in decoupling crossing order/spectral components. The reference speed of this synthetic
signal is the same as before. Fig. 4 illustrates the rpm-order spectra that characterize the resonance as a decreasing order
from 15 to 6, i.e. order decreases along with the increase of revolution speed. Fig. 5 shows the tracked amplitudes computed
by three different schemes, where the employed computation factors are = ×r 2 102 for the extended AV VKF_OT;

= ×r 1 105 and q1¼0.1 for the adaptive AD VKF_OT; and = ×r 2 102, q1¼0.1 for the adaptive AV VKF_OT. In the case only
fixed computation factors are employed since the order and resonance are apparently separated except a single crossing
occurrence. It is observed that all three OT schemes can extract order/spectral components well.
4. Parameter investigation

In this section the individual processing parameters including weighting factor r(n) and Q1 factor that affect tracking
performance are investigated. Besides, the issue of computation efficiency and the influences of the sampling frequency on
Fig. 8. Tracking behavior comparison of synthetic signal 1 with using varied sampling frequency (A) 2000 Hz, (B) 10000 Hz, where the computation
schemes are (a) extended AV VKF_OT with r¼5�103, (b) adaptive AD VKF_OT with r¼1�107 and q1¼1�10�1, and (c) adaptive AV VKF_OT with
r¼5�103 and q1¼1�10�1 for both (A) and (B).
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the order extraction tasks are also taken into consideration.

4.1. Weighting factor r(n)

A 4-s synthetic signal, y(t), to be tracked is designated to investigate the influence of weighting factor on tracking
behavior, and also make an objective comparison among the proposed and other two OT schemes.

π( ) = × ( ) ( )y t ftSquareWave cos 2 , 26

where SquareWave denotes a periodic square wave with a period 1.6 s, duty cycle 0.5 and a high level 10; f (¼250 Hz) is the
frequency of sinusoid to be tracked, and the sampling frequency here is 1000 Hz. The processing parameters are assigned as
(i) r¼20, 40 and 80 for the extended AV VKF_OT; (ii) r¼2000, 4000 and 8000 for the adaptive AD VKF_OT; and (iii) r¼20, 40
and 80 for the adaptive AV VKF_OT, respectively. In all these computation the process noise index q1 is set to be 0.1. Fig. 6
illustrates the tracked waveform and their corresponding frequency response function (FRF) of Kalman filter and rising time
as per each weighting factor. It should be noted that in the study �3 dB bandwidth and the time elapsed between 10% and
1710% (i.e. steadily in the range of 90% and 110%) of signal amplitude are counted for tracking bandwidth and rising time,
respectively. Observed from computation results, major characteristics of tracking behavior are listed in Table 1. Some
significant features can be summarized and discussed below.

4.1.1. Product of BW and tr
it is known that a narrow tracking bandwidth enables to decouple close orders effectively, but is accompanied by a

longer rising time (or tracking time) since any order/ spectral components starts sharply and their initial parts comprise a
bunch of sinusoids. this feature is analogous to the Heisenberg uncertainty principle, i.e. a trade-off between time and
frequency resolution, in spectral or time-frequency analysis although the mechanism is different. three sets of weighting
factor are used in each processing scheme, and corresponding BW and tr are obtained through the above definition. the
product of BW and tr (BW� tr) shown in Table 1 highlights the extended AV VKF_OT holds a small product (5.63π) of BW and
tr. the other two schemes including the proposed adaptive AV VKF_OT possess a larger product 24 �3π.

4.1.2. Appropriate range of weighting factor
The formality of structural and data equations also determines the appropriate range of a waiting factor chosen in the

computation. It is found and also illustrated in this example (q1¼0.1) for an AV scheme, whatever the extended or the
adaptive VKF_OT is, the proper weighting factor is a few tens, but for the AD scheme, it is a few thousands.
Table 2
CPU time* elapsed to compute synthetic signal 1 using varied tracking schemes with two different sampling frequencies. For each sampling frequency, the
white rows are for the tracking of orders 4 and 4.2, and the gray rows are for the tracking of all three orders (1, 4 and 4.2).

Tracking 
schemes

Computation
CPU time (s)

Sampling
frequency (Hz)

Extended AV 
VKF_OT

Adaptive AD 
VKF_OT

Adaptive AV 
VKF_OT

2000
150.83 1.33 1.28

196.61 1.67 1.40

10000
6526.6 39.14 20.07

9105.9 55.26 29.16

* Computation via a laptop computer with i5-2.5GHz, 8.0GB RAM



Fig. 9. Tracking results of synthetic signal 1, the same as Fig. 8(B) except one tenth of weighting factors, r, are employed (that is, r¼500, 106 and 500 for
extended AV, adaptive AD and adaptive AV VKF_OTs, respectively).
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4.2. Computation efficiency

As summarized in Table 1, both adaptive schemes take less CPU time in computation than the extended AV VKF_OT; in
the case the ratio of computation time among considered OT methods is about (6–7):(1.5–2):1 using the time needed for the
adaptive AV VKF_OT as a base. The extended AV VKF_OT being the most time-consuming is expected since all the data string
is included in huge matrix manipulation. Conversely, the adaptive schemes provide a recursive algorithm without having to
evaluate a huge inverse matrix with all observed time points. Furthermore, it is worth noted that the adaptive AV VKF_OT
takes roughly half time of its counterpart, the adaptive AD VKF_OT. This computation efficiency brought by the proposed
method arises from the data-equation matrix composed of ( ) = [ ( ) ( ) ( ) ⋯ ( )]n I n I n I n I nI K1 2 3 , where ( ) = [ ]I n 0 1k , k¼1,2,
…,K; it actually causes no numerical multiplication in Eqs. (17) or (18). The following addresses more about the computation
efficiency comparing the adaptive AV and AD schemes.

4.2.1. Difference in the structural equation
For the adaptive AD scheme, the entry of matrix F(nþ1,n)2K�2K in the structural equation, A(nþ1)¼F(nþ1,n)A(n)þZ(n),

is constant without updating following the time step. More precisely, if K order/spectral components to be extracted, F(nþ1,
n) is composed of K's of [0 1; –1 2] in the diagonal of the matrix, and all nulls off the diagonal. One may check further the
paragraphs between Eq. (9) and (12) in Ref. [14]. On the other hand, for the adaptive AV scheme, the entry of matrix F(nþ1,n)
in the structural equation, X(nþ1)¼F(nþ1,n)X(n)þE(n), is varying with time step. Check further the paragraphs between
Eqs. (9) and (14). Assume K order/spectral components to be extracted, F(nþ1,n) is composed of K's of [0 1; �1 2cos(kω(n)
ΔT)], k¼1,2,…,K in the diagonal of the matrix, and all nulls off the diagonal. It should be noted that only the entry ‘2cos(kω
(n)ΔT)’ needs to be updated following the revolution speed. That is, at each time step only the time for K's calculation of
‘2cos(kω(n)ΔT)’ takes more for the adaptive AV scheme than the adaptive AD one.

4.2.2. Difference in the data equation
For the adaptive AV scheme, the entry of matrix I(n)1�2K in the data equation, η( ) = ( ) ( ) + ( )y n n n nI X , is constant without

updating following the time step. More precisely, if K order/spectral components to be extracted, I(n) is composed of K's of
[0 1]. Please check the paragraphs between (Eqs. (16) and 18). On the other hand, for the adaptive AD scheme, the entry of
matrix B(n)1�2K in the data equation, ξ( ) = ( ) ( ) + ( )y n n n nB A , varies with time step. Assume K order/spectral components to
be extracted, B(n) 1�2K is composed of K's of θ̲ ( ) = [ ( )]B n n0k k , k¼1,2,…,K, where θ ω( ) = [ ∑ ( )Δ ]=n ki m Texpk m

n
0 . The para-

graphs were stated between Eqs. (1) and (3) in [14], and (Eqs. (13) and 15), respectively. It should be noted that a relatively
run-time effective form θ θ ω( ) = { [ ( − ) + ( )Δ ]}n ki n n Texp 1k instead of the original θ ω( ) = ( ∑ ( )Δ )=n ki m Texpk m

n
0 is used,

where θ ω( − ) = ∑ ( )Δ=
−n m T1 m

n
0

1 is the elapsed angular displacement at the time instant (n�1)ΔT. It is clear that if K order/
spectral components are extracted, at each time step the computation time for K's evaluation of

θ ω′ { [ ( − ) + ( )Δ ]}′ki n n Texp 1 in the adaptive AD scheme still elapses longer than ‘2cos(kω(n)ΔT)’ in the adaptive AV one.
If now K orders are to be tracked in the computation, at each time step K varied entries in the structural equation need to

be updated for the adaptive AV scheme; likewise, K varied entries in the data equation need to be updated for the adaptive
AD one. Then, the both OT schemes are to perform the structural and data equations in the formality

– Adaptive AV scheme
( + ) = ( + ) ( ) + ( )× × × ×n n n n nX F X E1 1,K K K K K2 1 2 2 2 1 2 1 (Eq. (14)), and
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η( ) = ( ) ( ) + ( )× ×y n n n nI XK K1 2 2 1 Eq. (18));
– Adaptive AD scheme

( + ) = ( + ) ( ) + ( )× × × ×n n n n nA F A Z1 1,K K K K K2 1 2 2 2 1 2 1 (Eq. (12), Ref. [14]), and
ξ( ) = ( ) ( ) + ( )× ×y n n n nB AK K1 2 2 1 (Eq. (15), Ref. [14]).

In the computation, both OT schemes employ Kalman filtering to recursively solve order waveform xk(n), k¼1,2,…,K (for
the adaptive AV OT scheme) and order amplitude ak(n), k¼1,2,…,K (for the adaptive AD one) based on the one-step state
prediction [14,22]. It should be noted that at each time step all the entries are constant in the matrix F(nþ1,n) (adaptive AD
scheme) and the vector I(n) (adaptive AV scheme), except K updated entries of the matrix F(nþ1,n) in the structural
equation (for the adaptive AV scheme) and K updated entries of the vector B(n) in the data equation (for the adaptive AD
scheme). From the above discussion (1) and (2), it is known that each calculation of θ ω Δ′ { [ ( − ) + ( ) ]}′ki n n Texp 1 takes
more computation effort than that of ‘2cos(ωk(n)ΔT)’. Thus, it results in the computation efficiency of the adaptive AV
scheme better than the adaptive AD one [14]. This merit also makes the adaptive AV VKF_OT further appropriate for being
implemented in a digital signal processor and applied in the on-line and real-time applications.

4.3. Q1 factor

The weighting factor, r(n), stated in Eq. (24) explicitly characterizes the relationship of correlation matrix between
measurement noise, Q2(n), and process noise, Q1(n); that is if r(n) and Q1(n) are chosen, then Q2(n) can be decided, and vise
versa. In this subsection varied parameters of r(n) and Q1(n) are designated to investigate the tracking behavior for both
adaptive AD and AV VKF_OT schemes, where the correlation matrix of process noise can be expressed as Q1¼ I� q1, I is a unit
matrix with the dimension 2K�2K and q1 is an input parameter affecting the process noise (more specifically, the het-
erogeneous term, ε(n), in the structural equation).

A swept sinusoidal signal with constant RMS amplitude 10 is synthesized, which arises from speeding up of a machine
steadily from stationary to 3000 rpm in 5 s, i.e. its frequency content from 0 to 50 Hz. If a sampling frequency 2000 Hz is
assumed, then 10000 data points in total are acquired for processing. To investigate the tracking behavior of using varied q1
values associated with different weighting factors r in the computation of both adaptive schemes, four q1 values (10�1, 10�3,
10�5, and 10�20) are selected, and for each q1 three weighting factors (r¼104, 105 and 106) are employed to extract the
swept sinusoid. Fig. 7 illustrates a comparison of the tracking results. It is helpful to refer Eqs. (24) and (25) for the in-
terpretation of tracking performance with using varied parameters. Some observations can be summarized below.

(1) The tracked amplitude using the adaptive AD VKF_OT exhibits various extent of overshoot along with its accompanied
weighting factor, but it is not observed if the adaptive AV VKF_OT is applied. It is noted that Fig. 6(b1) and (c1) also
illustrates this phenomenon.

(2) In case of the same q1 with varied weighting factor r, from Eq. (25) it is known that if a larger r is used, the yielding
larger Q2(n) makes a higher standard deviations of measurement artifacts η(n). Thus, a larger computed measurement
artifacts η(n) according to Eq. (16) is allowed, and it makes an underestimated order/spectral component. One can
observe this in both Fig. 7(A) and (B).

(3) In case of the same weighting factor r with varied q1, based on Eq. (25) again if a smaller q1 is used, the yielding smaller
Q2(n) makes a lower standard deviations of measurement artifacts η(n). Thus, more precise tracked orders can be
expected, which is also confirmed in Fig. 7.

4.4. Sampling frequency

From the results of two synthesized signals in Section 3, the tracking bandwidth can be narrowed down by increasing the
waiting factor to obtain a smoother but underestimated amplitude. Synthetic signal 1 for the separation of close orders is
here employed further to investigate the tracking outcome with using a large weighting factor, such as r¼5�103 in the
extended AV VKF_OT, r¼1�107 and q1¼1�10�1 for the adaptive AD VKF_OT, and r¼5�103 and q1¼1�10�1 for the
adaptive AV VKF_OT. Fig. 8(A) illustrates the under-estimated tracking amplitudes due to too narrow tracking bands re-
sulting from large weighting factors.

(1) Now the same processing parameters are used, but a higher sampling frequency 10000 Hz (as high as five folds as
before, 2000 Hz) is employed to acquire the data. It is worth noted that an increasing sampling rate enables to shorten
computation length and increase computation accuracy so that the tracked order/spectral signatures can reach the
designated amplitudes without loss. Table 2, however, shows using a higher sampling frequency brings a computation
cost. In the case the ratio of computation time among the extended AV, the adaptive AV and the adaptive AD OT
methods is about (120–320):(1.04–1.95):1 using the time elapsed for the adaptive AV VKF_OT as a base. The result still
supports the previous conclusion regarding computation CPU time; that is, two adaptive schemes are superior to the
extended AV VKF_OT, and the AV VKF_OT is even better than AD VKF_OT, especially for a large data set (10,000 Hz
sampling rate) that the difference of computation elapsed CPU time becomes significant.

(2) Alternatively, smaller weighting factors that yields broader tracking bands to accommodate order components to be
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tracted are considered; here one tenth of weighting factors as the above are employed. Fig. 9 shows the designated
signal amplitudes can be extracted without loss.
5. Concluding remarks

In this paper we proposed and implemented another advanced order tracking technique, i.e., the adaptive AV VKF_OT
scheme, for the extraction of order/spectral components of a dynamic signal measured from rotary machinery. In terms of
computation efficiency, this technique overcomes the deficiencies of the original scheme (extended AV OT) that holds the
whole data set in the matrix computation, and it is a counterpart of the adaptive AD VKF_OT derived from varied structural
and data equations. For the presented adaptive OT methods, the obtained results of the CPU time dependency here is related
to the off-line implementation, and that result may vary in case of the real-time implementation in a digital signal processor,
which is determined by more factors like the number of used buffers. It is noted that the proposed adaptive AV scheme
reveals more sever oscillation of tracked waveform than the adaptive AD one during the low speed phase. From the de-
velopment of this OT technique, a systematic investigation on the parameter tuning of weighting factor r and q1 factor is
essential to appropriately apply these order tracking schemes in order/spectral extraction, as well as in signal interpretation
and machine condition monitoring.
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